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In this article we discuss two schemes of teleportation of atomic states. In the first scheme 

\ we consider atoms in a three-level cascade configuration and in the second scheme we consider 

atoms in a three-level lambda configuration. The experimental realization proposed makes use of 

cavity Quatum Electrodynamics involving the interaction of Rydberg atoms with a micromaser 

i-£h \ cavity prepared in a state \ip)c = (|0) + |l))/v2- 
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X- 1 INTRODUCTION 



Quantum information and quantum computation are important and active fields of research P3I2JIH1- 
Teleportation, proposed by Bennett et al [I], has important applications in quantum information and 
quantum computation pQ . There has been a lot of theoretical proposals of schemes of teleportation. 
In Ref. jS] it is proposed a teleportation scheme based on cavity QED for the teleportation of an 
atomic state where the cavities are prepared in a entangled state of zero and one Fock states. In 
Ref. [H] it is proposed a scheme to teleport an atomic state for atoms in a cascade configuration 
making use of cavities prepared in a coherent state. In Ref. [7j it is proposed a scheme to teleport 
an atomic state for atoms in a lambda configuration making use of cavities prepared in a coherent 
state. In Ref. [S] it is presented a scheme of teleportation where a superposition of zero and one 
Fock states is teleported via cavity QED using atoms in a lambda configuration. An interesting 
proposition of generating EPR states and realization of teleportation using a dispersive atom-field 
interaction is presented in 0| . Teleportation has already been realized experimentally ^Ql 0] • The 
superposition principle together with entanglement and its consequence non-locality are the main 
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ingredients in teleportation. The goal in teleportation is to reproduce an unknown quantum state 
of a given system in another system far apart of the original system. That is if Alice has a system 
prepared in an unknown state, by teleportation, she is able to transfer this state to Bob's system. In 
order to do this, Alice and Bob share a Bell state [Hill] (or EPR state ^1]) in which half of the Bell 
pair is with Alice and the other half is with Bob. Then Alice and Bob perform a certain prescription 
and communicate classically with each other. In the end of the process Bob gets a state identical to 
the state of the original state in which Alice system was prepared and the state of Alice's system 
is destroyed since according to the no-cloning theorem E] it is not possible to clone a quantum 
state. 

In this article we consider Rydberg atoms [TH] interacting with a superconducting cavity [HJ HHj 
prepared in a superposition of a zero and a one Fock states. We develop two schemes of teleportation. 
In the first scheme we consider atoms in a three-level cascade configuration and in the second scheme 
we consider atoms in a three-level lambda configuration. 



2 TELEPORTATION 



2.1 ATOMS IN A CASCADE CONFIGURATION 



First let us present a scheme to prepare a Bell states. We start assuming that we have a cavity C 
prepared in the state 

(|0> + H» 



>C 



V2 



In order to prepare this state, we send a two-level atom AO, with |/ ) and |e ) being the lower and 
upper level respectively, through a Ramsey cavity RO in the lower state | fo) where the atomic states 
are rotated according to 



R 



1 

V2 



that is, 



e )+ I fo)), 



(2.2) 



(2.3) 



and through C, for AO resonant with the cavity. Under the Jaynes-Cummings dynamics [IB] (see 
(|A.99p . for A = and gt = n/2) we know that the state |/o)|0) does not evolve, however, the state 
|e )|0) evolves to — z|/ )|l). Then, for the cavity initially in the vacuum state |0), we have 



(|/o> + i|e >) 
V2 



|0> — |/o> 



(|0) + 11)) 
V2 



IfoM 



c- 



(2.4) 



Now let us consider a three-level cascade atom Ak with | e^), | f k ) and | g k ) being the upper, 
intermediate and lower atomic state (see Fig. 1). We assume that the transition | /&} ^| e^) is 
far enough from resonance with the cavity central frequency such that only virtual transitions occur 
between these states (only these states interact with field in cavity C). In addition we assume that 
the transition | e k ) ^| g k ) is highly detuned from the cavity frequency so that there will be no 
coupling with the cavity field. Here we are going to consider the effect of the atom-field interaction 
taking into account only levels | f k ) and | g k ). We do not consider level | e k ) since it will not play any 
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role in our scheme. Therefore, we have effectively a two-level system involving states | f k ) and \g k ). 
Considering levels | /&) and | gk), we can write an effective time evolution operator (see ( IA. 102)1 ) 

U k (t) = e^ a \f k )(f k \+\g k )(g k \, (2.5) 

where the second term above was put by hand just in order to take into account the effect of level 
| gk)- I n (12.5)) a (a*) is the annihilation (creation) operator for the field in cavity C, if = g 2 r/ A, g is 
the coupling constant, A = u e — ojf — cuis the detuning where uj e and Uf are the frequencies of the 
upper and intermediate levels respectively and u is the cavity field frequency and r is the atom-field 
interaction time. Let us take ip = tc. Now, let us assume that we let atom Al to interact with cavity 
C prepared in the state (J2.1)) . Let us assume that atom Al is prepared in a Ramsey cavity Rl in a 
coherent superposition according to the rotation matrix 



V2 



1 1 
-1 1 



(2.6) 



and we have 

I 1>)ai = ^(| I gi))- (2.7) 

Taking into account (|2.5|) . after atom Al has passed through the cavity prepared in state (|2.1|) . we 
get 

I ^)ai-c = \[(\ fi)+ I 9 i))\0) + (- I I <?i»|l>], (2.8) 

Now, if atom Al enters a second Ramsey cavity R2 where the atomic states are rotated according 
to the rotation matrix ()2.6j) . we have 



1 A>+ 


9i))~ 


♦I fi), 


1 


9i))' 


+ l 9i), 



^(- I \gi)) -+\gi), (2.9) 

and, therefore, 

l^i-c = ^[|/i)|0)+|^)|l)], (2.10) 

Now, let us prepare a two- level atom A2 in the Ramsey cavity R3. If atom A2 is initially in the state 
| g2), according to the rotation matrix (j2.6j) . we have 

I ^)A2 = i(| / 2 )+ I to)), (2.11) 

and let us send this atom through cavity C, assuming that for atom A2, as above for atom Al, 
the transition | f 2 ) ^| g 2 ) is highly detuned from the cavity central frequency. Taking into account 
(|2.5j) . after the atom has passed through the cavity we get 

I ^)ai-A2-o = i[| A)(\ h)+ I »a»|0>+ I gi){~ I / 2 )+ I <fe»|l>], (2.12) 

Then, atom A2 enters a Ramsey cavity RA where the atomic states are rotated according to the 
rotation matrix (|2.fij) . that is, 



1 / 2 )+ 


1 - 


♦1 /2>, 


1 /2> + 


1 - 


+ l 92), 



^(- I / 2 )+ !».» -I Si). (2-13) 
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and we get 



A1-A2-C 



V2 



(IA)l/2)|o)+| 5l )| 52 )|i», 



(2.14) 



In order to disentangle the atomic states of the cavity field state we now send a two-level atom A3, 
resonant with the cavity, with |/ 3 ) and |e 3 ) being the lower and upper level respectively, through C. 
If A3 is sent in the lower state I/3), under the Jaynes-Cummings dynamics (see ([A. 990 . for A = 
and gt = vr/2) we know that the state |/a)|0) does not evolve, however, the state |/ 3 )|1) evolves to 
— z 1 63) 1 0) . Then we get 



4>)ai-A2-c = ^=(| fi) I h)\fs)-i\ 9i) I <fc)|e 3 »|0>, 



(2.15) 



Now we let atom A3 to enter a Ramsey cavity R5 where the atomic states are rotated according to 
the rotation matrix 



that is, 



1 

V2 



1 % 
i 1 



(2.16) 



and we get 



e3>-^(|e 3 >+*|/ 3 », 
/a) - ^={i I e 3 )+ I / 8 », 



$)ai-A2 = \[\ h) I / 2 >(i I e 3 )+ I / 3 » - i I 9i) I <fe)(| e 3 ) + i | / 3 »], 



and if we detect atom A3 in state |/ 3 ) finally we get the Bell state 

I $ + )ai-A2 = -^=(| /1) I /a>+ I <fc) I <fe», 
which is an entangled state of atoms Al and A2. If we detect atom ^43 in state |e 3 ) we get 



(2.17) 



(2.18) 



(2.19) 



$ )A1-A2 = ;^=(| fl) I / 2 }- I 9l) I 02», 



(2.20) 



Now, if we apply an extra rotation on the states of atom A2 in (|2.19|) in a Ramsey cavity R, according 
to the rotation matrix 

(2.21) 



we get 



I ^ )A1-A2 

and applying (I2~2"T1) to (I2~2"U1) we get 



R=\f2)(92\+\92)(f2 
1 



V2 



(I fi) I £2)+ I 91) I /a)), 



(2.22) 



* >A1-A2 = ^=(| /l) I <fe)~ I 0l) I /2»- 



(2.23) 



The states fl2~T9|) . (|2~2"0"j) . (f2~22jl and ([2~23jl form a Bell basis [UIS| which are a complete orthonormal 
basis for the system Al — A2. 
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Now let us see how to distinguish the four states which form the Bell basis. Let us assume we 
have a cavity C prepared in the state (|2.1|) . Notice that if we send atoms Al and A2 through C in 
the state (ETBIJ) or (l2~27H) we have 



A1-A2' 



(|Q ) + |i)) 

y/2 



A1-A2- 



(|Q ) + |i)) 

v/2 ^ 



and if we send atoms Al and through C in the state ()2.22|) or (j2.23|) we have 



A1-A2" 



(|Q ) + |i)) 

v/2 



A1-A2" 



(10 ) -li)) 

V2 ' 



(2.24) 



(2.25) 



Now if we send an atom A5 through C in the state I/5), resonant with the cavity, with |/ 5 ) and |es) 
being the lower and upper level respectively, for gt = tt/2, we have 



I/5>(|0> + |1» 

l/s>(|0>-|l» 



(l/5>-<|c6»|0>, 
(l/ 5 ) + i|e 5 ))|0), 



(2.26) 



Now we send atom A5 through a Ramsey cavity R, where the states are rotated according to the 
rotation matrix (j2.16|) . that is, we have 



-j=(i I e 5 )+ I / 5 » ->i I e 5 >, 
I e 5 )+ I / 8 » ->| fs), 



(2.27) 



Therefore, the detection of | / 5 ) corresponds to the detection of | <& ± )ai-A2 and of | e 5 ) corresponds 
to the detection of | ^ ± )ai-A2- Now we have to distinguish (| ^ + )ai-A2, I & + )ai-A2) from (| 
^ )ai-A2, I A1-A2) • 111 order to do this we notice that, defining 



-1 J2 



where 
we have 



fk){9k I + I 9k) {fk 



^> ± )a!-A2 — ± I ^ )a!-A2i 



A1-A2 



AX-A2- 



(2.28) 
(2.29) 

(2.30) 



Therefore, we can distinguish between (| \E r+ ),4i-A2, | § + )ai-A2) and (| * )ai-A2, | $ )ai-A2) per- 
forming measurements of S x = o\a 2 x . In order to do so we proceed as follows. We make use of 



1 

V2 



1 -1 
1 1 



or 



K k = ^=(| fk)(fk I - I /fe>(^* \ + \9k)(fk\ + \ 9k) (gk I), 
to gradually unravel the Bell states. The eigenvectors of the operators are 

l^,±) = ^(|/ fe )± I <?*)), 



(2.31) 
(2.32) 

(2.33) 



and we can rewrite the Bell states as 



^)ai-A2 = \m, +>(| / 2 >± I 92) + ->(| / 2 )T I 92))], 

^)ai-A2 = \UI +>(| fla>± I /a» + |l& -)(| S2>T I /a)]. (2.34) 



Let us take for instance (j2.19|) 

V2 



^)ai-A2 = -4(1 fx) I h)+ I <7i) I 92))- (2.35) 



Applying to this state we have 

K X | ^)ax-A2 = i[|/i>(| / 2 >- I S2» + |<7iXI / 2 }+ I <&»]. (2.36) 

Now, we compare (|2.36j) and ()2.34j) . We see that the rotation by K\ followed by the detection of \g\) 

corresponds to the detection of the the state \ipl, +) whose eigenvalue of o\ is +1. After we detect 
we get 

I ^)A2 = ^(| / 2 }+ I 92)), (2.37) 

that is, we have got 

|^)a 2 = |^ 2 ,+). (2.38) 
If we apply (l2~32j) for k = 2 to the state (j2~5Sjl we get 

K 2 I ^)a2 = \92). (2.39) 

We see that the rotation by K 2 followed by the detection of \g 2 ) corresponds to the detection of the 
the state \ipl, +) whose eigenvalue of a% is +1. The same applies to ()2.22j) . 

Summarizing, we have two possible sequences of atomic state rotations through Kf. and detections 
of I fk) or I gffc) and the corresponding states |^,±) where k = 1 and 2 which corresponds to the 
measurement of the eigenvalue +1 of the operator E x given by ()2.30|) and the detection of (j2.19|) or 
()2.22|) corresponds to 

(K u I gi ))(K 2 ,\g 2 ))^\iPl,+M,+), 

(K h | /l ))(fr 2 ,| /2 )) M |^,-)|^,-). (2.40) 
Considering (|2~27Ij) and (pUZHj) we have 

{K U | <7i»(# 2 ,|/ 2 »^ |V£,+>h&->, 

(K u | fl ))(K 2 ,\g 2 ))^\rt,-M,+), (2.41) 

which corresponds to the measurement of the eigenvalue —1 of the operator T> x given by ([2.30)1 . 

Let us now assume that Alice keeps with her the half of the Bell state (j2.19|) consisting of atom 
A2 and Bob keeps with him the other half of this Bell state, that is, atom Al. Then, they separate 
and let us assume that they are far apart from each other. Later on, Alice decides to teleport the 
state of an atom A4 prepared in an unknown state 

|^4 = CI/4>+£|<?4> (2.42) 
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to Bob. Now let us write the state formed by the direct product of the Bell state and the unknown 

state | $ + )ai-A2 I ip)A4, that is, 

| V>A1-A2-A4 = ^=[C(| A) I A) I A> + | 9l) I 92) I A)) + 
a I A) I A) I 54)+ I 91) I 92) I g*))]. (2.43) 

First Alice prepares a cavity C in the state (|2.1j) . Taking into account (|2.5jl with tp — tt, after atoms 
A2 and fly through the cavity we have 

I iP)ai-a2-a^c = \{Ci\ A) I A) I A)(|o> + |i»+ I 9l ) I I A)(|o) - |i»] + 
a I A) I A) I (1 0) - |i))+ I <7i) I <&) I ^4>(|o> + |i))]}. 

Now, making use of the Bell basis involving atom Al and A2 we can rewrite (|2.44j) as 

i>) A1-A2-A4-C — 

$ + )a2-a 4 (ci A)+eUi))(io) + |i)) + 



(2.44) 



2v/2 



Oa2-a4(CI/i>-£|0i»(|o) + |i)) + 

^ + >A2-A4(C Ul> +e I A))(|0)"|1)) + 

*-)A2-A4(CUi)-elA))(|0)-il))]. (2.45) 

Now Alice sends an atom v45 through C in the state I/5), resonant with the cavity, with |/ 5 ) and \e§) 
being the lower and upper level respectively. For gt = tt/2, we have 

IA>(|0> + |1» — (|A>-*|e 5 »|0>, (2.46) 

IA)(|o)-|i)) — (IA) + ih))|o>, 

and 



2V2 1 



W) A1-A2-A4-A5-C ~ 

$ + )A2-A4(CI/l)+el^l))(IA)-*|e 5 )) + 

*-)ja-M(C\fi)-t\gi)){\fr)-i\e*)) + 
y + )A2-A i ((\9i)+Z\ A»(IA>+*|e 5 » + 

^-)a2-a 4 (C I gi)~C\ A))(|A) +<|e 5 »]|0>. (2.47) 

Now, Alice sends atom A5 through a Ramsey cavity R6, where the states are rotated according to 
the rotation matrix (|2.16|) . that is, 

1 

e 5 )+ I A)) -» * I e 5 ), 



v/2 



(- 



e 5 )+ I A)) -I A)- 



(2.48) 



and we have 



tp) A1-A2-A4-A5-C = 

$ + )a2^ 4 (CI A) + £I<?i»IA> + 
$-)a 2 -a 4 (CI A)-^Ui))IA) + 

^ + )A2-A4(Cl^l)+el A))|e 5 > + 

*-)a 2 -A4(CUi)-^I A))|e 5 )]|0). 



(2.49) 
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Then, if she detects the lower state | / 5 ) she gets 



^Al-A2-A, = ® + )A2-A i (( \ fl) + £ | <?!»+ | ^)a2-Aa(C \ fl) ~ Z \ 9l))], 



(2.50) 



where N is a normalization constant. Now Alice follow the above prescription in order to distinguish 
A2-A4 from | $ )a2~A4:- That is, she proceeds according to (|2.40j) and (|2.41|) . If Alice gets 
(K 2 , | g 2 ))(K4, | g 4 )) or (K 2 , \ f 2 )){K±, | / 4 )) this corresponds to the detection of | ^ + )a2-A4 and Bob 
gets 



V>)ai = CI A) + £l</i>, 



(2.51) 



and he has to do thing since he got the correct state (|2.42)1 . If Alice gets (K 2 , \ f 2 ))(K4, \ g$)) or 
(K 2 , | g 2 )){K^ | / 4 )) this corresponds to the detection of | <&~)a2-aa and Bob gets 



l^u = CI/i>-£l0i>, 

and he has to apply a rotation in the Ramsey cavity R7 



R 



1 
-1 



(2.52) 



(2.53) 



to get (|2.42J) . If Alice detects the upper state | es) she gets 

| *P)a1-A2-A4 = ^ + >A2-A4(C I 9l) + t I I *~> A2-A 4 (-C I 9l) + t I 



(2.54) 



Now Alice follow the above prescription in order to distinguish | *& + )a2-A4 from | ^ )a2-aa- That is, 
she proceeds according to (ET4"U1) and (l2~4"H . If Alice gets (if 2) | 92)){K A , \ g 4 }) or (if 2 , | f2))(K 4 , | / 4 }) 
this corresponds to the detection of | \E r+ ),42-A4 and Bob gets 



IV>)ai = C|0i> + £I/i), 

and he has to apply a rotation in the Ramsey cavity i?7 



(2.55) 



R 



1 

1 



to get ()2.42j) . If Alice gets (K 2 ,\ /2))(-fQ)| #4)) or (K 2 ,\ g 2 ))(K A ,\ f 4 )) this corresponds to the 
detection of | ^~)a2-A4 and Bob gets 



\i>)Ai = -t\gi) + t\h), 

and he has to apply a rotation in the Ramsey cavity R7 



R 



-1 

1 



(2.56) 



(2.57) 



to get (£32). 

Notice that the original state ()2.42|) is destroyed in the end of the teleportation process (it evolves 
to I / 4 ) or I (74)) in accordance with the no-cloning theorem PQ^|. In Fig. 2 we present the scheme 
of the teleportation process we have discussed above. 
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2.2 ATOMS IN A LAMBDA CONFIGURATION 



Consider a three-level lambda atom (see Fig. 3) interacting with an electromagnetic field inside a 
cavity C. The states of the atom \a), \b) and |c), are so that the \a) |c) and \a) \b) transitions are 
in the far off resonance interaction limit. The time evolution operator for the atom- field interaction 
is given by [T7j (see Appendix) 

U{r) = -e^ ata |a)(a| + ^(e^ ata + l)|6)(6| + i(e^ ata -l)|6)(c| +h e i ^ a -l)\c)(b\ + ^(e itpaU + l)\c)(c\, 

Zi Zi £i Zi 

(2.58) 

where a (aJ) is the annihilation (creation) operator for the field in cavity C, (p = 2g 2 r/ A, g is the 
coupling constant, A = uj a — uj^ — uj = uj a — uj c — to is the detuning where uj a , ujf> and uj c are the 
frequency of the upper level and of the two degenerate lower levels respectively and uj is the cavity 
field frequency and r is the atom-field interaction time. For (p — 7T, we get 

U(t) = -exp (ina ] a) \a)(a\ + Il + \b}{b\ + n_|6)<c| + H_|c><6| + n+|c)(c|, (2.59) 

where 

n+ = ^(e tWa + l), 

n_ = i(e iWa -l). (2.60) 

Let us first show how we can get Bell states making use of three-level lambda atoms interacting 
with a cavity field prepared in state (j2.1|) . Consider an atom Al in the state ai — \b\) and a 
cavity C prepared in the state (j2.1j) . We now let atom Al to fly through the cavity C. Taking into 
account (J2.59j) the state of the system Al — C evolves to 

1 

V2 

Consider now another three-level lambda atom A2 prepared initially in the state 1 62) , which is going 
to pass through the cavity. After this second atom has passed through the cavity, the system evolves 
to 

1 

V2 

In order to disentangle the atomic states of the cavity field state we now send a two-level atom A3, 
resonant with the cavity, with |/ 3 ) and 1 63) being the lower and upper levels respectively, through C. 
If A3 is sent in the lower state I/3), under the Jaynes-Cummings dynamics (see (jA.99|) . for A = 
and gt — 7r/2) we know that the state |/s)|0) does not evolve, however, the state |/s)|l) evolves to 
— i|e 3 )|0). Then we get 

|^(T)>^i-A2-^3-a = ^(|&i>|&2>|/ 3 > -i|cx>|c 2 >|e 3 »|0). (2.63) 

Now we let atom A3 to enter a Ramsey cavity Rl where the atomic states are rotated according to 
the rotation matrix ([2. 16)1 . that is, 

I e3 )^-L(| e3 )+z|/3)), 

I /a) - ^=(i I e 3 )+ I / 3 », (2.64) 



A1 _ c = _(| 6l )|0)-| Cl )|l». (2.61) 



A1-A2-C = — (\h)\h)\0) + |ci>|c 2 )|l)). (2.62) 
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and we get 



)ai-A2-A3 = ^[\bi)\b 2 )\h)(i | e 3 )+ | / 8 » - z|ci>| C2 >(| e 3 > + i\ / 8 »]. 



and if we detect atom A3 in state I/3) finally we get the the Bell state 

\^ + )Al-A2 = ^(\b 1 )\b 2 ) + \ Cl )\c 2 )), 

which is an entangled state of atoms Al and A2. If we detect atom ^43 in state |es) we get 

I $~)ai-a2 = A={\ h) I h)- I Cl ) I c 2 )), 



(2.65) 



(2.66) 



(2.67) 



Now, if we apply an extra rotation on the states of atom A2 in ()2.66j) in a Ramsey cavity R, according 
to the rotation matrix 

R 



we get 

I ^ )a\-A2 

and applying ()2.68j) to ()2.67j) we get 

I * IAX-A2 



&2>(c 2 |+ I c 2 }(b. 

1 



2|, 



V2 



(I h) I c 2 > + I d> I b 2 )), 



^=(1 6i> I c 2 )- I d> I 6 2 )). 



(2.68) 
(2.69) 

(2.70) 



Now, let us assume that Alice keeps with her the half of the Bell state (|2.66j) consisting of atom 
A2 and Bob keeps with him the other half of this Bell state, that is, atom Al. Then they separate 
and let us assume that they are far apart from each other. Later on, Alice decides to teleport the 
state of an atom AA prepared in an unknown state 



(2.71) 



to Bob. First Alice prepares a cavity C in the state (j2.1j) . Let us write the state formed by the 
direct product of the Bell state and the unknown state | Q + )ai~A2 I ^Ai-, that is, 



I iP)ai-A2-aa = bi) I b 2 ) I 6 4 )+ I ci) I c 2 ) I 64)) + 

f ( I 61) I b 2 ) I c 4 )+ I ci) I c 2 > I c 4 ))]. 



(2.72) 



Taking into account ()2.59|) . after Alice let atoms A2 and A4 to fly through C prepared in the state 
(I2~TJ) . she gets 

4>) A1-A2-A4-C — 

$ + )A2-A4(Cl&l)+e|ci))(|0) + |l)) + 



2V2 1 



*->A2-A4(C I &1> - e I Ci»(|0> - |1» + 
^ + )A2-A4(C|ci)+^|6l))(|0) + |l)) + 
^>A2-A4(-C|C1>+£|&1>)(|0>-|1>)]. 



(2.73) 



In order to disentangle the atomic states of the cavity field state Alice sends a two-level atom A5, 
resonant with the cavity, with I/5) and |es) being the lower and upper levels respectively, through C. 
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If A5 is sent in the lower state I/5), under the Jaynes-Cummings dynamics (see ()A.99|) . for A = 
and gt = ir/2) we know that the state |/5)|0) does not evolve, however, the state |/s)|l) evolves to 
— i 1 65 ) 1 0) and therefore she gets 

IP) A1-A2-A4-A5-C = 

< f + )A 2 -A4(CIM+e|c 1 ))(|/ 5 )-*|e 5 )) + 



2V2 



*-)A2-AA(C\bi)-Z\ +i\e s )) + 

* + >A2-A4(C I C!> + m>)(l/5> - *|e 5 >) + 

*-)a2-a 4 (-C I ci) + <e I 6i»(|/s> +»1e 8 »]|0>. 



(2.74) 



Now, if atom A5 enters a Ramsey cavity R2 where the atomic states are rotated according to the 
rotation matrix 1)2.16)1 . we have 



7? 



V2 



es)+ I h)) -> i I e s), 
e 5 )+ I /s» -I / B >. 



(2.75) 



and we get 



4>)a1-A2-A4:~A5 = 

$ + >A2-A 4 (C I Cl»|/ 5 > + 

^ _ >A2-A4(C|6i>-^|ci»|e 5 > + 

^ + )A2-A4(C|ci)+el&l))l/ 5 ) + 

y-)A2-A*(-(\c 1 )+Z\b 1 ))\e 5 )}. 



(2.76) 



If Alice detects | / 5 ) she gets 



A1-A2-A4 - T: V /A2-A4 A2-A4 

(C|ci) + e|6i»]- ( 2 -77) 

where N is a normalization constant. If Alice detects (| 62) I ^4)) or (| Qj) | C4)) Bob gets 

I V>U = C|&1> (2.78) 

and he has to do nothing since this is the correct state (|2.7ip . If she detects (| 6 2 ) I c i)) 01 (I c 2) I ^4)) 
Bob gets 

\iI>) M = C\°i) + Z\h), (2.79) 
and he has to apply a rotation in the Ramsey cavity R3 



1 

1 



(2.80) 



to get (|2.71|) . If Alice detects | e 5 ) she gets 



IV>> 



A1-A2-A4 



N 



[| $")a2-A4(C I h) - £ I Cl ))+ I #->A2-A4(-C I Ci) + £ I h))}. 



(2.81) 
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If Alice detects (| b 2 ) | 64)) or (| c 2 ) | c 4 )) Bob gets 

I = C I ci) - CI 61), 
and he has to apply a rotation in the Ramsey cavity i?3 



1 
-1 



to get (J2ZZU). If she detects (| b 2 ) | c 4 }) or (| c 2 ) | 64)) Bob gets 

iv>>Ai = -cici)+ei&i>, 

and he has to apply a rotation in the Ramsey cavity R3 



R 



-1 

1 



(2.82) 



(2.83) 



(2.84) 



(2.85) 



to get ()2.7ip . In Fig. 4 we present the scheme of the teleportation process we have discussed above. 



3 CONCLUSION 



Concluding, we have presented two schemes of realization of atomic state teleportation making use of 
cavity QED. In the schemes presented here we use atoms interacting with a superconducting cavity 
prepared in a state (|0) + \l))/y/2 which is a state relatively easy to be prepared and handled and 
for which decoherence is not so drastic. In the first scheme we make use of atoms in a cascade 
configuration and in the second scheme we make use of atoms in a lambda configuration. The 
advantage of using a cascade atomic configuration is that the atomic state detection process is 
simpler than in the lambda configuration where we have states which are degenerated. On the other 
hand, for the cascade configuration we have to perform more atomic state rotations using Ramsey 
cavities than in the case of the lambda configuration. Nice alternative schemes also making use of 
atoms interacting with electromagnetic cavities have also been proposed in Refs. [El HIE]- 



A Time evolution operator 
A.l Two- level atoms 

Let us consider a two- level atom interacting with a cavity field, where |e) and |/) are the upper and 
lower states respectively, with u e and ujf being the two atomic frequencies associated to these two 
states and u the cavity field frequency (see Fig. 1). The Jaynes-Cummings Hamiltonian, under the 
rotating-wave approximation, is given by 

H = ha ] a + tiu e \e)(e\ + +hu f \f)(f\ + hg[a\e)(f\ + a!\f)(e\), (A.86) 

where a/ and a are the creation and annihilation operators respectively for the cavity field, g is the 
coupling constant. We write 

H = H + H h (A.87) 
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where we have settled 



H z 

Lets define the interaction picture 
where 

Then, we get 
where 

and 

Considering 



Ha^a + Tiw e \e){e\ + +huf\f){f\, 
hg[a\e)(f\ + ct\f)(e\). 



|^> = e*^5>, 



ih-\TPs) = H\4> s ). 



thj t \^ I ) = v I \^ I ), 



ge~ iAt a^ 



ge iAt a 



A = (cu e — ojf) — uj. 



|^(0> = ^(*)l^(o)> = t^(OI^(o)>, 

we have to solve the Schrodinger's equation for the time evolution operator 

in—r- = ViUi, 



dt 



where 



and 



That is, 



Ui(t) = 
Ui(0) 



. d 

i—u ee (t) 
dt 

ifu ef (t) 

ifu fe (t) 

d . . 



Uee{t) U ef (t) 
U fe(t) Uff(t) 



1 
1 



ge iAt au ef (t), 
ge* At au ff (t), 

ge^ At a^u ee (t), 
ge- iAt a)u ef {t), 



which can be solved easily using, for instance, Laplace transformation, and we g 

, A 

-tga'e 2 



Ui(t) 



e % 2 '(cos fit — sin fit) —ige % 2 '-(sin fit)a 



— inn^p % a'lTsin fit) t % 2 * (cOS vt + if- sin ft) 



I 1 
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where we have defined 



v 



' g 2 aa^ + 



A 2 



A 2 



' g 2 a^a H — — . 



(A. 100) 



In the large detuning limit (A ^> g) we have 



/ „ . A 2 A oW 
y 4 2 A 



+ A 2 A g 2 (Ja 



and we get easily 



(A.101) 
(A.102) 



U d (t) = e - l ^ a+1) | e)(e | +e^ a | /)(/ |, 
where p = g 2 t/A. 

In the case we have a resonant interaction of an atom with cavity field (A = in (|A.99Jl ). if 
the field is a very intense field we can treat it classically. That is, in the time evolution operator 
(jA.99|) we set A = 0, and we substitute the creation and annihilation field operators according to 
a — > rje 10 and — > r]e~ 10 where r\ and 9 are c-numbers. Then, we have a semiclassical approach of the 
atom-field interaction in which the field is treated classically and the atoms according to quantum 
mechanics. In this case (jA.99j) becomes 



U ItS c{t) 



cos(grjt) —ie %0 sm(gi]t) 
—ie~ tB sin(gi]t) cos(gi]t) 



(A. 103) 



Now we take 6 = n/2. If we choose grjt = tt/4 we have the rotation matrix 



and for gr)t = — 7r/4 we have 



For grjt = 7r/2 we get 



and for grjt 



-7T 



/2 



RlL 2L 

2 ' 4 



RlL —2L 

2 ' 4 



RlL 1L 

2 ' 2 



RlL —Z 

2 ' 2 



1 

1 

"V2 



1 1 
-1 1 



1 -1 
1 1 



1 
-1 

' -1 

1 



Now if we take 9 = n and grjt = it /A we have the rotation matrix 



^ y/2 



1 i 
i 1 



(A. 104) 



(A. 105) 



(A. 106) 



(A. 107) 



(A.108) 



Choosing the proper values of 9, g, rj and t we can get the rotation matrix we need to perform the 
rotation of the atomic states we desire in a Ramsey cavity. 
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Just as a remark, consider (jA.102|) and assume we have an intense field, that is, we can use a 



semiclassical approach. In this case we set a — > rje 10 and a) 
and a) a — > rf. Defining (pa) a — > <^r/ 2 = /3/2, ()A.102|) reads 



e -W2 o 
e^/ 2 



rye where 77 and 9 are c-numbers 



(A. 109) 



and for (3 = tt we have 



-1 
1 



U % = i 

Any arbitrary 2x2 unitary matrix M may be decomposed as PQ 

M = e ia 



-i/3/2 











JP/2 



cos I — sin I 



sm 



cos • 



e -i6/2 o 

e i& ' 2 



(A.110) 



(A.lll) 



where a, /3, 7 and 5 are real parameters. Therefore, we can use (|A.103J) and (|A.109|) to get a rotation 
matrix we need. 



A. 2 Three-level lambda atoms 

We start with the Hamiltonian of a degenerate three-level lambda atom (see Fig. 3) interacting with 
a field cavity mode 



H = %uja)a + huj a \a)(a\ + TiuJb\b){b\ + Tiuj c \c){c\ + ha(gi\a)(b\ + g>2|a)(c|) + Tia\gl\b){a\ + <72|c)(a|), 

(A.112) 

where \a), \b) and |c) are the upper and the two degenerated lower atomic levels respectively, a (a^) 
is the annihilation (creation) field operator and g\ and g 2 are the coupling constants corresponding 
to the transitions \a) ^ |c) and \a) # respectively. In the interaction picture, 



v = h 

where 



e iAlt gi a \a)(b\ +e- jAlt #*a T | b) (a 



h 



iA 2 t 



g 2 a \ a)(c\ +e l ^ 2t g%a} \ c)(a 



A 2 



0J a 



Ub — UJ 



UJ r — L). 



The time evolution operator 



whose initial condition is given by 



should satisfy the Schrodinger equation of motion 
dU 





u 


aa 


Uab 


Uac 


U(t) = 


Uba 


Ubb 


Ubc 




. U 


aa 


Ucb 


Ucc 






' 1 





" 


17(0) 







1 















1 



ih 



dt 



vu 



ClUba + (2^00, (lUbb + (2U c b (lUbc + (2U C 
Cl u aa Cl u ab Cl u a 



Q U ab 



ac 
ac 



(A.113) 



(A. 114) 



(A.115) 



(A.116) 



(A.117) 
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where 



Ci 

C2 



ke iAlt gi a, 
he iA2t g 2 a. 



(A.118) 



Observe that this equation may be grouped in three sets of couple differential equations. One for 
u aa , u ba and u ca , i.e., 



. fc du aa 

ih — - — 

dt 

. fc du ba 

ifl — : — 

dt 

du ca 

%h — : — 

dt 



another involving only u ab , u bb and u cb , 



ih 



du, 



ah 



ih 



ih 



dt 

du bb 

dt 
du cb 

dt 



and, finally, one involving u ac , u bc and u cc , 

. fc du ac 
ih — - — 
dt 

., du bc 

ih — : — 

dt 

du cc 

ih — : — 

dt 

Let us take Ai = A 2 = A = — irj 



= (lU ba + (2Uca, 

= Cl u aaj 

= C2 U aai 

= ClUbb + (2U c b, 

= (Uab, 

= (Uab, 

= (lU bc + (2Ucc, 

— (Uac, 

= (Uac- 



(A.119) 



(A.120) 



(A.121) 



^ = he iAlt gi a = ha ie v \ 
( 2 = he iA2t g 2 a = ha 2 e vt . 

Notice that all the three systems of differential equations above are of the form 



(A.122) 



,dx 
~dt 



i— = aie^y + a 2 e 11t z, 



dy 



ie ' — = a\x, 
dt 1 



ie 



r,t 



dz 
dt 



a 2 x. 



(A.123) 



We can solve the systems of differential equations using, for instance, Laplace transformation and 
we have for the degenerate case 



U aa (t) = 



e 2 



-^/Ji cos y/Jit — i — sin y/jit 
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where 



Uab(t) 
U ac (t) 
U b a(t) 



.e 2 

-i — — sin y/fitai, 



.e 2 . ^_ 
-i — — sm J/j,ta 2 , 



-%a\ — — sm J [it, 



u bb (t) = l + a{a v 



a\ai + a 2 a 2 

t 1 
Ubc{t) = a[a 2 — f 1 — 

a[ai + a 2 a 2 



e i 2' < (i^ sin J^t + J^ cos J^1 j - y ;' 

e~^' U— ^= sin v/z/t + cos Jlst] — 1 
V 2 V" / 



«ca(*) = 



. e 2 



-za 2 sm Jut, 

VI 1 



1 



u c b(t) = atlati— f r 

t 1 1 



e 2 U 



sin + cos — 1 



: i— + f 

ttjai + a 2 a 2 



e 1 2 * ( sin + y^cos \fut \ — J~v 



, (A. 124) 



i± t t 

pL = — + aia[ + a 2 a 2 , 

A 2 t t 
z/ = — ^- + a[ai + a 2 a2- 

It is easy to show that for the non-degenerate case, i.e., 



(A.125) 



we obtain 

U aa {t) 

Uab{t) 

U ac (t) 

U ba {t) 
U b b(t) 



= giai, 

a 2 = g 2 a 2 , 



e 2 
y^ 



Jjicos JJIt — i— sin JJJt 



e 2 

-i — — sm J\itai\, 



e 2 

-i — — sm Jjita 2 , 



e 2 



— ia[ sm Jut, 

t 1 1 
1 + a[a\ 



v\ a\ai + a 2 a 2 



(A. 126) 



e l 2 [i— sinJUit + jT\cosJT\tj - JU[ 



u bc (t) = a\a 2 - f j 



e 2 \i- 



2JV7 



sin y^t + cos y^t — 1 



U ca (t) = 



• t e 2 • I— 
-ia 2 sm Jut, 

JV> 
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Ucb(t) 
U cc (t) 



A \ 
i — — sin ^JT>\t + cos ^Jv[t — 1 

2 V^i * " / 



a\ai + a2«2 

t 1 1 r .a, / A __ \ 

l + a ] 2 a 2 —= 1 1 — e 2 U— sin 0^ + V^cos ^v 2 t\ 



where 



A 2 t t 

/i = — + aiai + a 2 a 2 , 



4 

A 2 



= — + a\ai + 0:2 c4> 
A 2 

^2 = + + « 2 a;2. 



Returning to the degenerate case, in the large detuning limit, we have 



and we get 



If 



A 2 a x a\ + a 2 a\ A #1 + 

A /u « = — 

2 A 2 A 

A 2 + A I 0! | 2 + I g 2 | 2 , 
- T + ^ = y + £ a f a, 



«ao(*) 

U b b{t) 

U bc {t) 
Uca(t) 
U cb (t) 



exp ^ 1 ■ — ^ ^ 2 ■ taa^j , 

0, 
0, 

0, 



1 + 





9i 


2 


1 9i 


2 + 


92 


2 



exp i 



9i I 2 + I £2 | 2 



ta^a — 1 



= 



9i I 2 + I #2 I 2 

#2*#1 



«cc(0 = 



I 9i 

1 + 



#2 





92 


2 


1 9i 


2 + 


92 


2 



■ f. lgi I 2 + \92 \\ t N 
exp « ra'a 



exp ( % ^ 1 — ^ 2 ■ ta^a ) — 1 



(. \_9i ? + \92 \\ t ^ 1 
exp 2 ra'a — 1 



, (A.127) 



(A.128) 



(A.129) 



(A. 130) 



we finally have 



91 = ge*», 

92 = ge^, 



Uaa(t) 



exp % 



(2gH f 
exp 1 ■ 



(A.131) 
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Uab(t) 

u ac {t) 

U b a{t) 
Ubb(t) 

Ubc(t) 
U C a{t) 
U c b{t) 



2g 2 t + \ 
exp | i — a'al + 1 




exp 2- 



,2^ 
A 



a} a 



2gH f 



exp iz — a'a 



u cc (t) = - exp ( i-!L-<Ja J + 1 , (A. 132) 

which agrees with the result obtained in [T7j . 
Figure Captions 

Fig. 1- Energy states scheme of a three- level atom where |e) is the upper state with atomic 
frequency u e , \f) is the intermediate state with atomic frequency Uf, \g) is the lower state with 



atomic frequency uj q and u is the cavity field frequency and A 



LOf) -co is the detuning. The 



transition | /) ^| e) is far enough of resonance with the cavity central frequency such that only 
virtual transitions occur between these levels (only these states interact with field in cavity C). In 
addition we assume that the transition | e) g) is highly detuned from the cavity frequency so that 
there will be no coupling with the cavity field in C. 

Fig. 2- Set-up for teleportation process, (a) Preparation of a Bell state: we send atom Al 
through a Ramsey cavity Rl, cavity C prepared initially in a coherent state (|0) + \l))/y/2 and 
through a Ramsey cavity R2 and atom A2 through a Ramsey cavity R3, cavity C and through a 
Ramsey cavity RA. Then we send a two-level atom A3 resonant with the cavity through C in the 
lower state |/ 3 ) and through Ramsey cavity R5 and detect the upper state |e 3 ) or |/ 3 ) in D3. (b) 
Alice and Bob meet and generate a Bell state involving atoms Al and A2. Then they separate and 
Alice keeps atom A2 with her and Bob keeps atom Al with him. Later on Alice decides to teleport 
an unknown state prepared in atom AA to Bob. Alice sends atoms A2 and AA through a cavity 
C prepared initially in a state (|0) + |l))/\/2- After atoms A2 and AA have flown through C she 
sends a two-level atom A5 resonant with the cavity through C in the lower state |/s) and through 
a Ramsey cavity R6 and then detects \e$) or |/ 5 ) in D5. Then she must perform a measurement of 
the remaining Bell states of the Bell basis. For this purpose she sends atom A2 through the Ramsey 
cavity K2 and AA through Ramsey cavity K4. Then, she calls Bob and informs him the result of her 
atomic detections in detectors D2 and DA. Depending on the results of the Alice's atomic detections 
and which atomic state of A5 she detected, Bob has or not to perform an extra rotation in the 
Ramsey cavity R7 on the states of his atom Al. 

Fig. 3- Energy level scheme of the three-level lambda atom where \a) is the upper state with 
atomic frequency u a , \b) and |c) are the lower states with atomic frequency ui, and u c , to is the cavity 
field frequency and A = uj a — u b — uj = u a — u c — u is the detuning. 
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Fig. 4- Set-up for teleportation process, (a) Preparation of a Bell state: we send atoms Al and 
A2 through a cavity C prepared initially in a coherent state (|0) + 1 1))/ y/2. Then we send a two-level 
atom A3 resonant with the cavity through C in the lower state |/ 3 ) and through a Ramsey cavity 
Rl and detect the upper state |e 3 ) or |/ 3 ) in D3. (b) Alice and Bob meet and generate an Bell state 
involving atoms A2 and AA. Then they separate and Alice keeps atom A2 with her and Bob keeps 
atom Al with him. Later on Alice decides to teleport an unknown state prepared in atom AA to 
Bob. She sends atoms A2 and AA through a cavity C prepared initially in a state (|0) + \l))/y/2. 
After atoms A2 and AA have flown through C Alice sends a two-level atom A3 prepared initially in 
the lower state | / 3 ) and resonant with the cavity through C, through a Ramnsey cavity R2, and 
detects | e 3 ) or | / 3 ) in D3. Then she detects the states of atoms A2 and AA in detectors D2 and 
DA and calls Bob and inform him the result of her atomic detections. Depending on the results of 
Alice's atomic detections Bob has or not to perform an extra rotation in the Ramsey cavity R3 on 
the states of his atom AA. 
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